The inhomogeneous strain distributions within finite cylinders under the axial point load tests and the effects on the valence band of Si1−xGex alloy  by Wei, Xuexia
International Journal of Solids and Structures 45 (2008) 4307–4321Contents lists available at ScienceDirect
International Journal of Solids and Structures
journal homepage: www.elsevier .com/locate / i jsols t rThe inhomogeneous strain distributions within ﬁnite cylinders
under the axial point load tests and the effects on the valence band
of Si1xGex alloy
Xuexia Wei *
Department of Mechanics and Engineering, State Key Laboratory of Explosion Science and Technology, School of Aerospace Science and Technology,
Beijing Institute of Technology, Beijing 100081, Chinaa r t i c l e i n f o
Article history:
Received 31 July 2007
Received in revised form 28 February 2008
Available online 21 March 2008
Keywords:
Point loads
Circular cylinder
Inhomogeneous strain
Valence band
Si1xGex alloy0020-7683/$ - see front matter  2008 Elsevier Ltd
doi:10.1016/j.ijsolstr.2008.03.011
* Tel.: +86 010 68914152; fax: +86 010 82579312
E-mail address: cexxwei@bit.edu.cna b s t r a c t
An exact solution for inhomogeneous strain and stress distributions within a ﬁnite cubic
isotropic cylinder of Si1xGex alloy under the axial Point Load Strength Test (PLST) is ana-
lytically derived. Lekhnitskii’s stress function is used to uncouple the equations of equilib-
rium, and a new expression for the stress function is proposed so that all of the governing
equations and boundary conditions are satisﬁed exactly. The solution for isotropic cylin-
ders under the axial PLST is covered as a special case. Numerical results show that the
strain and stress distributions in the central region within half height and radius are rela-
tively homogeneous, but strain and stress concentrations are usually developed near the
point loads. The largest tensile strain and stress are always induced along the line joining
the point loads, which gives theoretical explanation why most of the cylindrical specimens
are split apart along the line joining the point loads under the axial PLST. In addition, by
using envelope-function method, the effect of strain on the valence-band structure of Si1x-
Gex alloy is analyzed. It is found that strain changes the band quantum gap and the shape of
constant energy surfaces of the heavy-hole and the light-hole bands of Si1xGex alloy.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
It has been widely accepted that mechanical stress and strain change the drain current of Metal Oxide Semicoductor Field
Effect Transistors (MOSFETs) through an effect on the electron and hole mobility (Fischettia et al., 2002). Stress and strain can
be generated in MOSFET devices by many methods, such as different process temperature, combination materials with dif-
ferent mechanical properties, thermal coefﬁcient mismatch, lattice mismatch, and so on (Wang et al., 2003; Zhao et al.,
2004). Managing internal mechanical stress and strain is a key point to ensure high performance and high reliability in ad-
vanced Complementary Metal Oxide Semiconductor (CMOS) technologies (Gallon et al., 2004; Fischettia et al., 2003). It was
found that external forces can signiﬁcantly change the electronic energy bands and optoelectronic behavior of semiconduc-
tors (Goroff and Kleinman, 1963; Hasegawa, 1963). Other studies have further demonstrated that mechanical stress and
strain can affect electronic structure, band gap, effective mass, carrier mobility, work function, junction leakage of semicon-
ductors (Mathieu et al., 1979; Kanda, 1991; Kloeck and Rooij, 1994; Jiang and Singh, 1997; Matsuda et al., 2003;). As CMOS
devices continue to scale down, these effects become more and more important (Fischetti and Laux, 1996; Thompson et al.,
2004).
Except being the most popular method in obtaining the elastic moduli and compressive strength of solids, uni-axial test is
also the most commonly used method to study the effect of external force on the electronic property of semiconductors. In. All rights reserved.
.
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under uni-axial stress. Gerhardt (1968) considered the effect of uni-axial and hydrostatic strain on the optical constants and
the electronic structure of copper. Sanders and Chang (1985) analyzed the effects of uni-axial stress on the electronic and
optical properties of GaAs–AlxGa1xAs quantum wells. Platero and Altarelli (1987) investigated the electronic structure of
superlattice and quantumwells under uni-axial stress. Chao and Chuang (1992) considered the effect of homogeneous strain
on the valence-band structure of quantum wells. In all of these studies, the uniform stress and homogeneous strain distri-
butions within specimens are considered and the effect of homogeneous strain on the valence-band structure was investi-
gated. Bahder (1992) summarized the effect of homogeneous strain on band structures and electronic properties of
semiconductors. In addition, Matsuda et al. (2003) discussed the strain effect on the ﬁnal state density-of-state for hole scat-
tering in silicon.
However, friction between the end surfaces of cylindrical specimen and loading platens is ignored in all of these studies.
Although numerous efforts have been made to reduce the friction between the semiconductor cylinder and the loading plat-
ens, end friction inevitably exists (Hussein and Marzouk, 2000). The end friction effect was ﬁrst studied by Filon (1902), the
non-uniform deformation of a ﬁnite isotropic cylinder under compression test was investigated by Watanabe (1996), which
indicates that the stress and strain ﬁelds within cylinder are actually inhomogeneous due to friction. Wei (2007) shows that
the stress and strain distribution under compression test are inhomogeneous for cubic isotropic cylinders as long as friction
exists, and friction also has considerable effect on valence band structure of Si1xGex alloy, which is manifested as changes in
band splitting, alteration of the shape of constant energy surfaces of the heavy-hole and the light-hole bands. On the other
hand, the traditional apparatus for uni-axial test is not suitable for a very small specimen with mm-scale or less. More over,
the stress and strain distributions generated in MOSFET devices are usually inhomogeneous duo to lattice mismatch, bound-
ary effect, process and temperature change (Wang et al., 2003). Bardeen and Shockley (1950) ﬁrst studied the effect of a
slowly varying inhomogeneous strain on energy bands. The so called ‘‘slowly varying” was considered in such a way that
the variation of strain is negligible over a unit cell, but it may be signiﬁcant on the scale of the envelope function. Bahder
(1992) used a coordinate transformation method to treat the slowly varying inhomogeneous strain. Zhang (1994) further
incorporated strain gradient terms in a general Hamiltonian.
Therefore, it is necessary to ﬁnd other methods to generate various kinds of internal inhomogeneous stress and strain
ﬁelds and evaluate their effects on the electronic band structures and optoelectronic behavior of semiconductors. The
Point Load Strength Test (PLST) seems to be an alternative option. PLST is one of the most popular indirect tensile strength
tests for strength estimation and classiﬁcation of brittle materials (Broch and Franklin, 1972; ISRM, 1985). The required
apparatus for PLST is light and portable (Boisen, 1977). PLST can be used for very small specimens as well. Extensive
experimental studies have been done on PLST (see the review by Chau and Wong, 1996). Theoretical studies for PLST in-
clude the analyses of isotropic spheres subject to a pair of diametrical point loads by Hiramatsu and Oka (1966), approx-
imate solution for ﬁnite cylinders subject to axial point loads by Wijk (1978) and Chau and Wong (1996), and ﬁnite
cylinders subject to diametral point loads by Wijk (1980) and Chau (1998). The exact analytic solution for isotropic cyl-
inder and spherically isotropic sphere under the diametral PLST were obtained by Chau and Wei (1999, 2000), while the
analytical solution for isotropic and transversely isotropic cylinder under the axial PLST were obtained by Wei et al. (1999)
and Wei and Chau (2002). However, only the stress distributions along the line joining the two point loads are investi-
gated in these studies. There is no analysis for the strain and stress distributions for ﬁnite and cubic isotropic cylinder
under the axial PLST.
Therefore, in this paper, the problem of a ﬁnite and cubic isotropic cylinder under the axial PLST is studied analytically.
Lekhnitskii’s (1963) stress potential approach is used to uncouple the equations of equilibrium, the point loads applied in the
axial PLST is model by Hertz’s contact stress. A new series solution for stress function is proposed so that all of the boundary
conditions as well as the governing equation can be satisﬁed exactly. In addition, based on the theory of Luttinger-Kohn and
Bir-Pikus (Bir and Pickus, 1974), the valence-band structure of the strained Si1xGex alloy is described by a 4  4 Hamiltonian
in the envelope-function space. Numerical discussion will focus on strain effect, shape effect, and external point loads on the
band structure of Si1xGex alloy.2. Mathematical formulation
Let us consider a solid cylinder of Si1xGex alloy with diameter D(=2R) and length H (=2h) under the axial point load test,
as shown in Fig. 1. Both of the growth direction and the direction of the applied point loads are taken along [001]. For math-
ematical simplicity, we take the center of the cylinder as the origin of the cylindrical coordinates (r,h,z) and the z-axis coin-
ciding with the axis of symmetry of the cylinder. The axial point loads are applied on two end surfaces of the cylinder by
pressing two collinear spherically independents along z-axis.
Experimental results show that Si1xGex alloy is cubically anisotropic, and it was found that three independent elastic
constants c11, c12 and c44 for Si1xGex alloy are the linear function of parameter x at temperature 300 K (Schafﬂer, 2001), that
isc11 ¼ ð165:8 37:3xÞ GPa; c12 ¼ ð63:9 15:6xÞ GPa; c44 ¼ ð79:6 12:8xÞ GPa ð1Þ
where 0 6 x 6 1, and x = 0 represents semiconductor silicon (Si), while x = 1 represents semiconductor germanium (Ge).
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Fig. 1. A sketch for a ﬁnite cylinder of Si1xGex alloy under the axial point load test.
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be obtained byE ¼ ðc12  c11Þð2c12 þ c11Þ
c11 þ c12 ; m ¼
c12
c11 þ c12 ; G ¼ c44 ð2ÞThe Hooke’s law for linear and elastic cubic isotropic materials can be written asrrr ¼ c11err þ c12ehh þ c12ezz; rhh ¼ c12err þ c11ehh þ c12ezz
rzz ¼ c12err þ c12ehh þ c11ezz; rrz ¼ 2c44erz
ð3Þwhere the usual notations for Cauchy stress and strain tensors are adopted. That is, rzz, rrr, rhh are the normal stresses in the
axial, radial and circumferential directions, respectively, rrz is the shearing stress in rz plane, and ezz, err, ehh and erz are the
strains corresponding to the stresses. E, m and G are the Young’s modulus, Poisson’s ratio and the shear modulus, respectively.
Obviously three independent constants c11, c12, c44 or E,m and G are needed to described the mechanical property of cubic
isotropic materials. If we let G = E/[2(1 + m)], (3) reduces to that for isotropic materials.
For axi-symmetric problems, the relations between the strains and displacements areerr ¼ ouor ; ehh ¼
u
r
; ezz ¼ owoz ; erz ¼
1
2
ou
oz
þ ow
or
 
ð4Þwhere u and w are the displacements in the r- and z-directions, respectively.
In the absence of body force, the equations of equilibrium areorrr
or
þ orrz
oz
þ rrr  rhh
r
¼ 0 ð5Þ
orzz
or
þ orrz
or
þ rrz
r
¼ 0 ð6ÞDuring the axial point load test, all of the surfaces of the cylindrical specimen of Si1xGex alloy are traction free, except for
the contact stresses acting on the two small circular contact areas on the two end surfaces, and the contact stress can be
obtained by considering the Hertz contact problem between a spherical surface of radius R2 and the ﬂat surface of a
semi-inﬁnite and cubic isotropic solid. In particular, the boundary conditions can be obtained as (Wei and Chau, 2002)rrr ¼ 0; rrz ¼ 0 on r ¼ R ð7Þ
rrz ¼ 0; rzz ¼ 
3P
2pR30
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R20  r2
q
r 6 R0
0 r > R0
8<
: on z ¼ h ð8Þwhere P is the magnitude of the applied point force. The radius R0 of the contact circular area can be determined by the fol-
lowing equationR0 ¼ 3PR24
d1  d2
2
þ 1 m
2
2
E2
  1=3
ð9Þwhere R2, E2 and m2 are the radius, the Young’s modulus and Poisson’s ratio of the spherical heads, respectively, andd1  d2 ¼ ðq1 þ q2Þ
1þ m
E
 
b 1
ec  1 ð10Þwhere
Table 1
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; q2 ¼
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1=2
ð11Þandb ¼  c12ðc11  c12 þ c44Þ
c11c44
; c ¼ c
2
11  c212  c12c44
c11c44
; e ¼  c12
c11
: ð12Þ3. Introduction of stress function for cubic isotropic materials
It was found that stress components for cubic isotropic materials can be expressed by a single stress function u as (Wei,
2007)rrr ¼  ooz
o2u
or2
þ b
r
ou
or
þ e o
2u
oz2
 !
ð13Þ
rhh ¼  ooz b
o2u
or2
þ 1
r
ou
or
þ e o
2u
oz2
 !
ð14Þ
rzz ¼ ooz c
o2u
or2
þ c
r
ou
or
þ o
2u
oz2
 !
ð15Þ
rrz ¼ oor
o2u
or2
þ 1
r
ou
or
þ e o
2u
oz2
 !
ð16ÞThe stress function u should, however, satisfy the following partial differential equationo2
or2
þ 1
r
o
or
 !
o2u
or2
þ 1
r
ou
or
þ e o
2u
oz2
 !
þ o
2
oz2
c
o2u
or2
þ c
r
ou
or
þ o
2u
oz2
 !
¼ 0 ð17ÞFor the isotropic case, it is straightforward that (17) reduces to a biharmonic equation, which is the same as that for isotropic
cylinders under the axial PLST (Wei et al., 1999).
4. General solution for the stress function
It has been proved by Lekhnitskii (1963) that qi (i = 1, 2) can only be either real or complex, but cannot be purely imag-
inary for transversely isotropic materials. We found that qi (i = 1, 2) can only be complex for Si1xGex alloy, as shown in Table
1. Let q1,2 = qR ± qIi, then the stress function u can be written asu ¼  R3 A0 j
3
1g
3
6
þ C0 j1gq
2
2
þ
X1
n¼1
sinðnpgÞ
f3n
AnRe½I0ðq1fnqÞ þ Bn Im½I0ðq1fnqÞf g þ
X1
s¼1
J0ðksqÞ
k3s
½Cs sinhðqRcsgÞ cosðqIcsgÞ
(
þ Ds coshðqRcsgÞ sinðqIcsgÞ
)
ð18Þwhere q = r/R and g = z/h; j1 is a shape factor deﬁned as j1 = h/R; ks is the s-th root of J1 (ks) = 0; cs = ksj1 and fn = np/j1. Note
that the extra terms with constant coefﬁcients A0 and C0 contribute to cases with only constant normal stress. The real un-
known constants A0, C0, An, Bn, Cs and Ds are to be determined by the boundary conditions.iation of the real and imaginary parts of the characteristic roots q1,2 = qR ± qIi for Si1xGex alloy with respect to x
qR qI
0.866 0.499
0.865 0.502
0.864 0.504
0.862 0.506
0.861 0.509
0.860 0.511
0.858 0.514
0.857 0.516
0.855 0.519
0.853 0.522
0.851 0.524
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By substitution of (18) into (13)–(16), the expressions for stress components can be obtained asrrr ¼ A0eþ ðaþ bÞC0 þ
X1
n¼1
cosðnpgÞfAnRe½P1ðq1; qÞ þ Bn Im½P1ðq1; qÞg
þ
X1
s¼1
f½CsK1ðqR; qI; qÞ þ DsK2ðqR; qI; qÞ coshðqRcsgÞ cosðqIcsgÞ ð19Þ
þ ½CsK2ðqR; qI; qÞ þ DsK1ðqR; qI; qÞ sinhðqRcsgÞ sinðqIcsgÞg
rrz ¼
X1
n¼1
sinðnpgÞfAnRe½P2ðq1; qÞ þ Bn Im½P2ðq1; qÞg
þ
X1
s¼1
J1ðksqÞf½Csðeðq2R  q2I Þ  1Þ þ 2DseqRqI sinhðqRcsgÞ cosðqIcsgÞ ð20Þ
þ ½2CseqRqI þ Dsðeðq2R  q2I Þ  1Þ coshðqRcsgÞ sinðqIcsgÞg
where a = 1 andP1ðx; qÞ ¼ ðax2  eÞI0ðxfnqÞ þ ðb aÞx
I1ðxfnqÞ
fnq
ð21Þ
P2ðx; qÞ ¼ ðx3 þ exÞI1ðxfnqÞ ð22Þ
K1ðx; y; qÞ ¼ xCðqÞ þ eðx3  3xy2ÞJ0ðksqÞ ð23Þ
K2ðx; y; qÞ ¼ yCðqÞ  eðy3  3x2yÞJ0ðksqÞ ð24Þ
CðqÞ ¼ aJ0ðksqÞ þ ða bÞ
J1ðksqÞ
ksq
ð25ÞBased on (13)–(16), the expressions for rhh can be obtained from (19) by replacing ‘‘a” and ‘‘b” with ‘‘b” and ‘‘1”, respec-
tively. While the expressions for rzz can be obtained from (19) by replacing both of ‘‘a” and ‘‘b” with ‘‘c”, and ‘‘e” with ‘‘1”,
respectively.
6. Determination of unknown coefﬁcients
The boundary condition rrz = 0 on the curved surface q = 1(i. e.r = R) given in (7) leads toAn ¼ EnDn Re½P2ðq1;1Þ; Bn ¼ 
En
Dn
Im½P2ðq1;1Þ ð26Þwhere En and Dn are new constants introduced to simplify the subsequent analysis.
While the boundary condition on two end surfaces g = ±1 (i. e.z = ±h) given in (8) leads toCs ¼ FsXs w1; Ds ¼
Fs
Xs
w2 ð27Þwhere Fs are Xs other constants introduced to simplify the following analysis, andw1 ¼ 2eqRql sinh qRcs cosqlcs þ ½1 eðq2R  q2l Þ cosh qRcs sin qlcs ð28Þ
w2 ¼ 2eqRql cosh qRcs sin qlcs þ ½1 eðq2R  q2l Þ sinh qRcs cosqlcs ð29ÞThe radial stress rrr on the curved surface q = 1 (i.e. r = R) can be obtained from (19) asrrr ¼ A0eþ ðaþ bÞC0 þ
X1
n¼1
cosðnpgÞfAnRe½P1ðq1;1Þ þ Bn Im½P1ðq1;1Þg þ
X1
s¼1
f½CsK1ðqR; qI;1Þ þ DsK2ðqR; qI;1Þ
 coshðqRcsgÞ cosðqIcsgÞ þ ½CsK2ðqR; qI;1Þ þ DsK1ðqR; qI;1Þ sinhðqRcsgÞ sinðqIcsgÞg ð30Þ
Substitution of (26) and (27) into (30), together with Fourier expansion technique, (30) can be rewritten asrrr ¼ A0eþ ðbþ 1ÞC0 þ
X1
s¼1
FsQs0 2þ
X1
n¼1
En þ
X1
s¼1
FsQsn
" #
cosðnpgÞ
,
ð31ÞwhereQsn ¼
J0ðksÞ
Xs
f½T1 sinh qRcs cos qIcs þ T2 coshqRcs sin qIcsLsn
þ ½T3 sinh qRcs cos qIcs þ T1 cosh qRcs sin qIcsGsng ð32Þ
T1 ¼ qIf½1 eðq2R  q2I Þ½eðq2I  3q2RÞ þ 1  2eq2R½eðq2R  3q2I Þ  1g ð33Þ
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T3 ¼ qRf½1 eðq2R  q2I Þ½eðq2R  3q2I Þ  1 þ 2eq2I ½eðq2R  3q2I Þ þ 1g ð35Þ
Gsn ¼ 2ð1Þn  ½c
2
s q
2
R þ q2I c2s þ n2p2qRcs cosh qRcs sin qIcs  ½c2s q2R þ q2I c2s  n2p2qIcs sinh qRcs cos qIcs
½c2s q2R þ ðqIcs  npÞ2½c2s q2R þ ðqIcs þ npÞ2
ð36Þ
Lsn ¼ 2ð1Þn  ½c
2
s q
2
R þ q2I c2s þ n2p2qRcs sinh qRcs cos qIcs þ ½c2s q2R þ q2I c2s  n2p2qIcs cosh qRcs sin qIcs
½c2s q2R þ ðqIcs  npÞ2½c2s q2R þ ðqIcs þ npÞ2
ð37ÞIn order to obtain (31), we have setDn ¼ Im½P2ðp1;1ÞRe½P1ðp1;1Þ  Re½P2ðp1;1ÞIm½P1ðp1;1Þ ð38Þ
Thus, the boundary condition rrr = 0 on the curved surface q = 1 leads to the following relations between A0 and C0 and be-
tween En and FsA0eþ ðbþ 1ÞC0 þ
X1
s¼1
FsQs0 2 ¼ 0= ð39Þ
En þ
X1
n¼s
FsQsn ¼ 0 ð40ÞIn order to apply the end boundary condition for rzz, we can set a = b = c, e = 1, g = ± 1 and substitute (26) and (27)
into (19), together with expanding the modiﬁed Bessel functions into Fourier–Bessel expansions, (19) ﬁnally can be writ-
ten asrzz ¼ A0d 2cC0 þ
X1
s¼1
Fs þ
X1
n¼1
EnRsn
" #
J0ðksqÞ ð41ÞwhereRsn ¼ ð1Þ
n
Dn
Im½P2ðq1;1ÞRe½dHsnðq1; sÞ  cHsnðq31; sÞ

Re½P2ðq1;1ÞIm½dHsnðq1; sÞ  cHsnðq31; sÞ
 ð42Þ
Hsnðx; sÞ ¼ 2xfnI1ðp1fnÞ½k2S þ f2np21J0ðksÞ
ð43ÞNote that in obtaining (41), we have setXs ¼ w1ðw3 coshqRcs cosqIcs  w4 sinh qRcs sin qIcsÞ  w2ðw4 coshqRcs cosqIcs þ w3 sinh qRcs sin qIcsÞ ð44Þ
wherew3 ¼ cqR  ðq3R  3qRq2I Þ; w4 ¼ cqI þ ðq3I  3qIq2RÞ ð45Þ
In order to match the external boundary contact stress (8) on two end surfaces of the cylinder with the internal stress
ﬁeld obtained in (41), (8) is also expanded into Fourier–Bessel expansions asrzz ¼
X1
s¼1
3PR
pk3s R
3
0J
2
0ðksÞ
ksR0
R
cos
ksR0
R
 sin ksR0
R
 
J0ðksqÞ ð46ÞFinally, by comparing the coefﬁcients of (41) and (46), we have A0d 2cC0 ¼ 0 ð47Þ
Fs þ
X1
n¼1
EnRsn ¼ 2p0R
k3s R0J
2
0ðksÞ
ksR0
R
cos
ksR0
R
 sin ksR0
R
 
ð48Þwherep0 ¼
3P
2pR20
ð49ÞUp to now, all of the equations for unknown coefﬁcients have been derived. In particular, in order to obtain the un-
known coefﬁcients En and Fs, the coupled system of equations, (40) and (48), has to be solved simultaneously. For
numerical implementation, we can truncate the inﬁnite series in (40) and (48) and only retain the ﬁrst n and s terms.
Then, there will be (s + n) equations for the (s + n) unknown coefﬁcients of Fs and En. A0 and C0 can be derived by sub-
stitution of Fs and (32) into (39) and (47). An,Bn, Cs and Ds can be further obtained by substitution of Fs and En into (26)
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(20), and the inhomogeneous strain distributions within ﬁnite cylinders under the point load test can be obtained by
substituting (19) and (20) into (3).
7. Numerical results and discussion
The point load test is usually used as an indirect tensile strength test for strength estimation and classiﬁcation of
brittle solids, and the fracture surfaces always pass through the line joining the two point loads. Therefore, almost all
of the previous numerical analysis focused on the stress at the center and stress distributions along the lines joining
the point loads (Wei et al., 1999; Wei and Chau, 2002). The present paper is, however, going to investigate the inhomo-
geneous strain distributions within the ﬁnite cylinders, and study the effect of strain on the valence band of Si1xGex
alloy.
Because the hyperbolic functions and the modiﬁed Bessel functions of the ﬁrst kind increase with both s and n, they may
lead to overﬂow in actual numerical calculations for large s and n. To prevent numerical instability, all terms associated with
n are normalized with respect to ‘‘Re[I1(p1fn)]”, and all terms associated with s with respect to ‘‘cosh(qRcs)”. Fig. 2 plots the
normalized strain components eij/e0 versus the normalized distance z/h along the axis of loading for r/R = 0.0 for various val-
ues of n and s. Fig. 2 shows that 30 terms in both s and n are sufﬁcient to achieve a satisfactory convergence for strain com-
ponents. The calculation is for semiconductor silicon, and the parameters used are P = 10 kN, D = 25 mm, H/D = 1.1, r0 = 4P/
pD2, e0 = r0/E, R0/R = 0.10. The Young’s modulus E2 of the spherically indentors acting on two end surfaces of the cylinder can
be normally assumed large enough such that (1  m2)/E2 = 0 can be used. To ensure the accuracy of our numerical results, all
subsequent calculations were done using 80 terms for both summation indices s and n. However, it should be emphasized
that 80 terms can not guarantee the accuracy of the strain and stress components near the corner of the cylinder, where the
stresses may even be singular.
When the isotropic limit of the present solution is considered (i. e., G = E/[2(1 + m)], or c44 = [c12  c11]/2), the present solu-
tion reduces to the results by Wei et al. (1999)for isotropic cylinders under the axial PLST. In addition, the ﬁnite element
method has also been used to validate the present analytical solution, Fig. 3 shows that the two results are agree well, except
near z/h = 0.9 where the stress concentration is induced.
7.1. The inhomogeneous strain distributions within cylinder under the axial point loads
Fig. 4 shows the normalized strain components err/e0, ehh/e0, ezz/e0 and the normalized hydrostatic strain eH/e0 versus the
normalized distance z/h along the axis of loading for various ratio of r/R. e0 is the nominal mean strain deﬁned as e0 = r0/E
and r0 = 4P/pD2. Fig. 4 indicates that the strain distributions within cylinders along the loading direction are inhomogeneous,
and strain concentrations are usually developed near the point loads depending on the ratio of r/R, but the strain distribu-
tions at the central parts, say 0 < z/h < 0.5, are relatively uniform even for various values of r/R. It was found that the tensile0.0 0.2 0.4 0.6 0.8 1.0
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Fig. 3. The comparison between the present solution and the result by FEM for the normalized stress rzz/r0,rhh/r0 versus the normalized distance z/h along
the axis of loading for r/R = 0.0.
0.0 0.2 0.4 0.6 0.8 1.0
-6
-3
0
3
6
r/R=0.00
r/R=0.25
r/R=0.50
r/R=0.75
r/R=0.00
r/R=0.25
r/R=0.50
r/R=0.75
r/R=0.00
r/R=0.25
r/R=0.50
r/R=0.75
ε
ε
θθ
/0
ε
ε
rr
/0
0.0 0.2 0.4 0.6 0.8 1.0
-6
-3
0
3
6
0.0 0.2 0.4 0.6 0.8 1.0
-6
-3
0
3
r/R=0.00
r/R=0.25
r/R=0.50
r/R=0.75
ε
ε
H
/0
ε
ε
zz
/0
z/h
0.0 0.2 0.4 0.6 0.8 1.0
-6
-3
0
3
z/h
z/h z/h
Fig. 4. The normalized strain components versus the normalized distance z/h along the axis of loading for various values of r/R.
4314 Xuexia Wei / International Journal of Solids and Structures 45 (2008) 4307–4321strain is always the largest along the line jointing the two point loads (i. e. r/R = 0.0) within the whole cylinder, and the max-
imum tensile strain can be about seven times as that at the center of the cylinder.
Fig. 5 plots the strain distributions of the normalized strain components err/e0, ehh/e0, ezz/e0 and the normalized hydrostatic
strain eH/e0 along the line jointing two point loads versus the normalized distance z/h for r/R=0.0 and for various values of H/
D. All other parameters are the same as those used in Fig. 4. Fig. 5 shows that the pattern of the strain distributions is similar
for different shape of cylinders, but the magnitude of the strain distributions is different, and the smaller the ratio of H/D, the
larger the tensile strain is induced under the axial point load test. In addition, the strain distributions for cylinders with H/
D > 1 are more convergent, while those for cylinders with H/D < 1 become more scatter. Therefore, relatively long cylinders
with H/D > 1 can be suggested for the axial point load test.
Fig. 6 illustrates the effect of the ratio r0/R on the strain distributions of the normalized strain components err /e0, ehh/e0, ezz/e0
and the normalizedhydrostatic strain eH/e0 ofwithin cylinders under the axial point load test. All other parameters are the same
as thoseused in Fig. 4. Fig. 6 shows that the strain concentrationsnear point loads are very sensitive to the contact area between
the end surfaces and two spherically heads. The smaller the contact area, the larger the maximum tensile strain is developed
near the point loads. However, the strain distributions at the central part, say 0 < z/h < 0.6, are relatively uniform and indepen-
dent of the contact area.
7.2. The inhomogeneous stress distributions within cylinder under the axial point loads
Fig. 7 shows the normalized stress components rrr/r0, rhh/r0, rzz/r0 and the normalized hydrostatic stress rH/r0 versus the
normalized distance z/h along the axis of loading for various values of r/R. r0 is the nominal mean stress deﬁned as r0 = 4P/
pD2. Fig. 7 indicates that the stress distributions within cylinders along the loading direction are inhomogeneous, and stress
concentrations are usually developed near the point loads, but the stress distributions at the central parts, say 0 < z/h < 0.5,
are relatively uniform. The tensile stress is always the largest along the line jointing the two point loads within the cylinder.
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Xuexia Wei / International Journal of Solids and Structures 45 (2008) 4307–4321 4315This prediction give a theoretical explanation why almost all of the failure surfaces of the cylinders pass through the line
jointing two point loads in the PLST experiments (ISRM, 1985).
Fig. 8 plots the stress distributions of the normalized stress components rrr/r0, rhh/r0, rzz/r0 and the normalized hydro-
static stress rH/r0 along the line jointing two point loads versus the normalized distance z/h for r/R = 0.0 and for various val-
ues of H/D. All other parameters are the same as those used in Fig. 4. Fig. 8 shows that the pattern of the stress distributions is
similar for different shape of cylinders, but the magnitude of the stress distributions is different. It was found that the stress
distributions for cylinders with H/D > 1 are more convergent. Therefore, relatively long cylinders with H/D > 1 can be sug-
gested for the axial point load test. Note that H/D = 1.1 has been used as standardized ratio for ﬁnite cylinders by ISRM
(1985) for the axial point load test for rock strength estimation and classiﬁcation.
Fig. 9 illustrates the effect of the ratio r0/R on the normalized stress components rrr/r0, rhh /r0, rzz/r0 and the normalized
hydrostatic stress rH/r0 of cylinders under the axial point load test. All other parameters are the same as those used in Fig. 4.
Fig. 9 shows that the stress concentrations near point loads are very sensitive to the contact area between the end surfaces
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4316 Xuexia Wei / International Journal of Solids and Structures 45 (2008) 4307–4321and two spherically heads. The smaller the contact area, the larger the maximum tensile stress is developed, but the radial
and circumferential stress distributions at the central part, say 0 < z/h < 0.6, as well as the axial and the hydrostatic stresses
are independent of the contact area.
8. Effect of strain on the valence-band structure of Si1xGex alloy
8.1. Valence bands near k = 0 without strain effect
The valence band of Si1xGex alloy consists of three bands, heavy-hole and light-hole and split-off bands. The heavy-hole
and light-hole bands are degenerate at the band edge and the split-off band is below the band edge. To the ﬁrst order approx-
imation, the contribution from the split-off band can be neglected. Based on kp perturbation method, the band edge ener-
gies for the heavy-hole and light-hole in the absence of strain can be obtained as (Hensel and Feher, 1963)
0.0 0.2 0.4 0.6 0.8 1.0
-12
-6
0
6
r0/R=0.25 r0/R=0.20
r0/R=0.15 r0/R=0.10
r0/R=0.08
r0/R=0.25 r0/R=0.20
r0/R=0.15 r0/R=0.10
r0/R=0.08
σ
θθ
/
σ
rr
/
0.0 0.2 0.4 0.6 0.8 1.0
-12
-6
0
6
r0/R=0.25 r0/R=0.20
r0/R=0.15 r0/R=0.10
r0/R=0.08
r0/R=0.25 r0/R=0.20
r0/R=0.15 r0/R=0.10
r0/R=0.08
0.0 0.2 0.4 0.6 0.8 1.0
-8
-4
0
4
8
σ
H
/
σ
σ
zz
/
0
z/h
z/h z/h
0.0 0.2 0.4 0.6 0.8 1.0
-8
-4
0
4
8
z/h
σ
0
σ
0
σ
0
Fig. 9. The normalized stress components versus the normalized distance z/h along the axis of loading for various values of r0/R.
Table 2
Materia
Parame
c1
c2
c3
A (⁄2/2m
jBj (⁄2/2
jCj (⁄2/2
am (eV)
b (eV)
d (eV)
Du
Xuexia Wei / International Journal of Solids and Structures 45 (2008) 4307–4321 4317EðkÞ ¼ Ak2  ½B2k4 þ C2ðk2xk2y þ k2xk2z þ k2yk2z Þ1=2 ð50Þ
where the upper and lower signs in (50) represent the heavy-hole and light-hole bands, respectively. A, B and C are the in-
verse mass band parameters and can be obtained by the cyclotron resonance experiments. All of the parameters used in the
numerical calculation for silicon (x = 0) and germanium (x = 1) are listed in Table 2. The parameters for Si1xGex alloy are ta-
ken as the linear interpolation of those of silicon and germanium.
Fig. 10 plots the E–k diagram and the shape of constant energy surfaces of the heavy-hole and light-hole bands near the
band edge k = 0 for unstrained silicon (x = 0) according to (50). The heavy-hole and light-hole bands are degenerate at the
band edge. The coupling between the heavy-hole and light-hole bands causes a kind of warped or ﬂuted shape of the con-
stant energy surfaces near k = 0. It was found that the structure of the valence bands of germanium and Si1xGex alloy are
qualitatively similar that of silicon.
8.2. Valence bands near k = 0 in the presence of strain
According to Pikus-Bir deformation potential theory, the 4  4 Hamiltonian for the valence-band structure of strained
Si1xGex alloy can be obtained by the envelope-function approximation as (Jiang and Singh, 1997)H ¼ 
Ps þ Qs Ss Rs 0
Ss Ps  Qs 0 Rs
Rs 0 Ps  Qs Ss
0 Rs S

s Ps þ Qs
									
									
ð51Þl parameters for semiconductors silicon (Si) and germanium(Ge)
ters Si Ge
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Fig. 10. E–k diagram and constant energy surfaces of the heavy-hole and light-hole bands near the band edge, k = 0, for unstrained silicon.
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ð52Þwhere eij is the strain components, c1, c2 and c3 are the luttinger parameters, at, b and d are the Bir-Pikus deformation poten-
tials, the wave vector k is interpreted as operator i$, all of the captioned letters with * denote the conjugate quantities of
the corresponding terms.
Based on the energy band theory, the valence-band energy E for the Hamiltonian in (51) can be obtained by considering
the following equationdet jH EIj ¼ 0 ð53Þ
which leads toEHHðkÞ ¼ Pk þ Pe þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Q2s þ RsRs þ SsSs
q
ð54Þ
ELHðkÞ ¼ Pk þ Pe 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Q2s þ RsRs þ SsSs
q
ð55Þwhere EHH and ELH are the energies for the heavy-hole and the light-hole bands, respectively.
If only the ﬁrst-order perturbation of (53) is considered, Hensel and Feher (1963)obtained expressions for the constant
energy surface of the heavy-hole and the light-hole bands asEHHðkÞ ¼ Aþ 12B
 
ðk2x þ k2yÞ þ ðA BÞk2z þ Duezz 
1
3
Duðezz þ exx þ eyyÞ ð56Þ
ELHðkÞ ¼ A 12B
 
ðk2x þ k2yÞ þ ðAþ BÞk2z  Duezz þ
1
3
Duðezz þ exx þ eyyÞ ð57Þwhere A, B and C are the inverse mass band parameters, and Du is the valence band deformation potentials and is related to
Bir-Pikus deformation potentials by Du = 3b/2. It is clear that the shape of constant energy surfaces of the heavy-hole and
the light-hole bands described by (56) and (57) are ellipsoids for homogeneous or constant strain components.
The band splitting DELHHH between the heavy- and light-hole bands is obtained asDELHHH ¼ 2Duezz  23Duðezz þ exx þ eyyÞ ð58ÞAccording to (54) and (55), Fig. 11 plots the E–k diagram and the shape of constant energy surfaces of the heavy-hole and
light-hole bands near the band edge k = 0 for silicon with exx = eyy = 0.006, ezz = 0.0012, and all other strain components are
zero, which are the strain components at the center of the cylinder with D = 25 mm and H/D = 1.1 under the point loads
P = 10 kN. If the external point loads are increased, and large strain components are induced, then Figs. 12 and 13 further
shows that the constant energy surface of the heavy-hole and the light-hole tend to become oblate and prolate ellipsoids,
respectively, which are almost the same as those obtained by (56) and (57).
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Light-hole surface 
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0.71 meV
Fig. 11. E–k diagram and constant energy surfaces of the heavy-hole and light-hole bands near the band edge k = 0, for strained silicon with exx = eyy = 0.006,
ezz = 0.0012.
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Fig. 12. E–k diagram and constant energy surfaces of the heavy-hole and light-hole bands near the band edge k = 0, for strained silicon with exx = eyy = 0.02,
ezz = 0.04.
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Fig. 13. E–k diagram and constant energy surfaces of the heavy-hole and light-hole bands near the band edge k = 0, for strained silicon with exx = eyy = 0.06,
ezz = 0.12.
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4320 Xuexia Wei / International Journal of Solids and Structures 45 (2008) 4307–4321Fig. 14 plots the band gap between the heavy-hole and the light-hole bands at z/h = 0.0 versus the external point loads P
for various ratio of H/D for silicon. The smaller the ratio of H/D or a larger external point loads, the larger the band gap is
induced. Fig. 15 further plots the band gap between the heavy-hole and the light-hole bands at z/h = 0.0 versus parameter
x for various ratio of H/D for Si1xGex alloy, which shows that the band gap between the heavy-hole and the light-hole bands
is very sensitive to the aspect ratio of the cylinder and parameter x.
The effect of the strain gradient within the cylinder on the valence band structure is complicated and tedious, and the
detail analysis will be considered in future work.
9. Conclusion
An exact solution for the stress and strain distributions within a ﬁnite and cubic isotropic cylinder of Si1xGex alloy under
the axial point load test is analytically derived. The point loads are modeled by using the Hertz’s contact solution between an
isotropic sphere and a cubic isotropic half-space. A new Fourier–Bessel series expansion of the stress function is proposed,
such that all boundary conditions can be exactly satisﬁed. For the isotropic limit, the present solution converges to the solu-
tion byWei et al. (1999) for isotropic cylinders. Numerical results show that all of the strain and stress components are inho-
mogeneous within ﬁnite cylinders, strain and stress concentrations are usually developed near the point loads, but the strain
and stress distributions in the central region within half height and radius are relatively homogeneous. The largest tensile
strain and stress are always induced along the line joining the point loads, which theoretically explains why almost all of
the cylindrical specimens are split apart along the line joining the point loads under the axial PLST. In addition, by using
envelope-function method, the effect of strain and external point loads on the valence-band structure of Si1xGex alloy
was discussed. It is found that strain and external point loads change the band gap as well as the shape of constant energy
surfaces of the heavy-hole and the light-hole bands of Si1xGex alloy.
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